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ABSTRACT 

Concurrent  vector  fields  in  a  Finsler  space  were  first  of  all  defined  and  studied  in  1950  by  Tachibana  [8],  Concurrent 
vector  fields  were  later  on  studied  by  Matsumoto  and  Eguchi  [2 ]  and  other.  In  2004,  Rastogi  and  Dwivedi  [5 ],  while 
investigating  the  existence  of  concurrent  vector  fields  found  that  the  earlier  definition  of  concurrent  vector  fields  in  a 
Finsler  space  was  not  suitable  and  hence,  they  gave  a  new  definition  of  concurrent  vector  fields  as  follows: 

Definition  1 

A  vector  field  X'(x)  in  a  Finsler  space  Fn  in  called  a  concurrent  vector  field  if  it  satisfies  i)  X'  A;jk  =  tp  lijh  ii)  X\  ;  =  -d'j, 
where  tp  is  a  non-zero  arbitrary  scalar  function  of  x  and  y,  A,jk  =  L  C,jk. 

The  purpose  of  the  present  paper  is  to  investigate  the  properties  of  concurrent  vector  fields  by  Lie-derivative  in  a 
Finsler  space  F".  We  have  also  studied  some  properties  of  concurrent  vector  fields  in  a  hypersurface  of  a  Finsler  space 
following  an  earlier  study  by  Rastogi  [6], 
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INTRODCUTION 

Let  Fn  be  an  n=dimensional  Finsler  space  with  metric  function  L(x,y),  metric  tensor  g,  j(x,y),  angular  metric  tensor  hj  j  and 
torsion  tensor  A;  j  k  =  L  Qj  k  Rund  [7].  The  h-  and  v-covariant  derivatives  of  a  vector  field  X,  are  defined  as  Matsumoto  [4]: 

a.  X;  I  j  =  5j  X,  -  N'j  ArX,  -  Xr  Fr;  j,  (1.1) 

b.  X;  II  j  =  Aj  Xt-  X  rC  rjj,  (1.1) 

Where  Nrj  =  Fr0j,  5j  and  Aj  respectively  denote  the  partial  differentiation  with  respect  to  XJ  and  y  J,  such  that  an 
index  0  means  contraction  by  unit  vector  1'  =  y1  L1. 

The  three  curvature  tensors  in  a  Finsler  space  are  given  as  follows  Matsumoto  [4]: 

R’hjk  =  Qk,J){§kF'hj  F'rk}  +  ChrRrjk,  (1.2) 
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Phijk  -  Qh.i)  {  Cjikllh  +  Cfhj  Prik}  (1-3) 

and 


Shijk  : 


:  ^((k,j)  {CrhkCrlJ} 


(1.4) 


Where  denotes  interchange  of  indices  k  and  j  and  subtraction  and  8k  =  5k  -  Nrk  Ar 

Let  Fn  l,  be  a  hypersurface  of  a  Finsler  space  Fn  given  by  x1  =  x1  (ua)  and  let  B'rl  =  du",  such  that  y1  =  B1  ,/u)  v“, 
where  v“  is  the  element  of  support  of  Fn_1  at  ua.  Furthermore,  the  metric  and  C-tensors  of  Fn  l  can  be  expressed  as  [3]. 

Ed|t  _  gij  P  d  P?  —  C|jkB  a  p  y  (1.5) 

At  each  point  u“  of  Fn_1,  a  unit  normal  vector  N1  (u,v)  is  defined  such  that 


gy(x(u),y(u,v)  B1  aNJ  =  0,  glj(x(u),y(u,v))Nl  NJ  =  1 

If  B“  denotes  inverse  projection  factor  of  B1  a,  then  we  have  B“  =  g“ 13  gM  B'p,  such  that 

B'a  B13,  =  5pa  B“  N1  =  0,  B‘a  Ni  =  0,  B‘a  B“  =  5j  -  N1  Nj 

The  induced  connection  parameter  of  Cartan  connection  C,  satisfies  [3] 

F“py  =  BVB1^  +Fjk  BJpky)  +  M“ p  H  T,  Nap  =  Ba .(B'op  +  F'0j  BJp), 

(~\QL  _  r>  a  nj  k 

py  & 

Where 

Mpy  =  Ni  Cjk  BJpky,  Hp  =  Ni(B‘op  +  P0j  BJp),  B‘py  =  3y  B'p,  B‘0p  =  B‘ap  Va 
Further,  the  second  fundamental  tensors  are  given  by  [3]  and  satisfy 
Hpy  =  N,  (B'py  +  Fjk  BJpky)  +  Mp  H  y,  Mp  =  N,  C‘  k  BJp  Nk. 

B'«llp  =  H„p  N1,  B'JI  p  =  Map  N',  Nip  =  -  Hap  B‘a,  Nip  =  -  M“p  B‘a 

Concurrent  Vector  Fields  in  Fn 


(1-6) 

(1.7) 

(1.8) 

(1.9) 

(1.10) 

(l.H) 


Let  X;  be  an  arbitrary  covariant  vector  field,  then  for  the  infinitesimal  transformation  of  the  type 

x‘  =  x'  +  v'(x)  dt,  (2.1) 

The  Lie-  derivative  of  the  vector  field  X,  can  be  expressed  as  follows  Rund  [7]: 

£Xi  =  X; ,  kVk  +  Vi  iXr  +  (Ah  Xi)  (vhll  iJy1'  (2.2) 

Let  X;  be  a  concurrent  vector  field  in  Fn,  then  from  equation  (.2),  we  can  obtain 

£Xi  =  -vi  +  vrlliXr  (2.3) 

If  we  assume  that  £Xt  =  0,  equation  (2.3)  gives  vrll :  X,  =  v;  Conversely,  if  vr  I!  Xr=  v;  and  Xt  is  a  concurrent  vector 
field  in  Fn,  £X,  =  0.  Hence  we  have: 

Theorem  2.1:  The  Lie=derivative  of  a  concurrent  vector  field  Xi(X)  in  Fn  vanishes  if  and  only  if  Vj  satisfies 
equation  (2.1)  and  vrll  i  Xr  =  v; 
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Remarks  1:  By  taking  h-covariant  derivative  of  the  product  (Xr  Vr)  we  can  easily  obtain  that  this  product  is  h- 
covariantly  constant. 

By  taking  v-covariant  differentiation  of  the  product  (Xr  Vr),  we  can  easily  obtain  that  this  product  is  also  v- 
covariantly  constant. 

From  equation  vrll  i  X,  =  Vj,  we  can  obtain  v1  II  j  +  v;ll  j  which  gives  Xr  (vrlli j  -  v'llj  i )  =  0.  Substituting  the  value  of  (v1  II; 
j  —  vr  II  j  i),  we  can  obtain  on  simplification 

XrvmRrmiJ-(PRm1J(vm-vplm)  =  0  (2.4) 

Hence  we  have: 

Theorem  2.2:  The  sufficient  condition  for  the  vector  field  vk  to  satisfy  the  equation  (2.4)  is  given  by  vanishing  of 
Lie-derivative  of  the  vector  field  X,. 

Let  vh  be  a  concurrent  vector  field  in  Fn  and  let  X,  be  a  function  of  x  alone,  then  equation  (2.2)  implies  £X,  =  X,  II  k 
vk  -  X,.  Hence  we  have: 

Theorem  2.3:  If  vh  is  a  concurrent  vector  field  in  Fn  and  X,  is  a  function  of  x  alone,  the  Lie-drivative  of  the  vector 
field  X;  will  vanish  if  and  only  if  X,  II  k  vk  =  X, 

Theorem  2.4:  If  vh  is  a  concurrent  vector  field  in  Fn  and  X,  is  a  function  of  x  alone  such  that  its  Lie-derivative 
vanishes,  then  the  vector  field  X;  satisfies  Xp  (Rp  ikm  -  CpirRrkm)  =  0. 

If  in  equation  (2.1),  vector  field  vh  is  replaced  by  Xh,  equation  (2.2)  leads  to  £  X;  =  (X;  V:  +  Xk  II  ,)  Xk.  In  addition 
to  this  if  X;  is  a  concurrent  vector  field,  we  can  obtain  £X,  =  -2  Xr  Hence  we  have: 

Theorem  2.5:  If  x1  =  x1  +  X‘(x)  dt,  is  the  infinitesimal  transformation  and  X,  is  a  concurrent  vector  field  them  its 
Lie-derivative  satisfies  £X,  =  -2  X;. 

From  equation  £Xj  =  -2  X;,  we  can  easily  obtain  (£Xi) II  j  =  £(X;  II  j). 

Hence  we  have: 

Corollary  1:  A  concurrent  vector  field  X,  satisfying  infinitesimal  transformation  x1  =  x1  +  X‘(x)  dt,  also  satisfies 
(£X;)  II  j  =  £(X;I  j). 

Taking  v=covariant  derivative  of  vr  II ;  Xr  =  v,,,  we  can  get 

£ (i,j){vr  1  r  I  j  Xr  —  vr  II  iL"1  <p  hrj}  =  0  (2.5) 

Which  on  simplification  leads  to? 

C,  (ij)  IL'1  (p(vrll  i hrj  -  Vj , 0  +  vm  Xr  (Cr  mj , , -  p^j }  =  0.  (2.6) 

In  a  Finsler  space  F"  with  vanishing  second  curvature  tensor  Kawaguchi  [1],  equation  (2.6)  leads  to 

Vi  -  vm  1,  lm  +  L  ((pllj-1  tp  lr  vlj  hj,  =  0.  (2.7) 

Hence  we  have: 
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Theorem  2.6:  If  the  Lie-derivative  of  the  concurrent  vector  field  Xr  vanishes  in  the  Finsler  space  Fn  with 
vanishing  second  curvature  tensor  Pkjih,  the  vector  V;  satisfies  (2.7). 

It  is  known  that  Am  (£X;)  -  £  (Am  X;)  =  vk(Fh  ^  Ah  Xt  -  Xh  Am  Fhik),  therefore  for  a  concurrent  vector  field  X;,  we 
can  establish: 

Theorem  2.7 :  A  vector  field  X;(x)  with  infinitesimal  transformation  x1  =  x1  +  v1  (x)  di,  satisfies  Am  (£X;)  =  -  vk  Xh 

AmFhlk. 

It  is  known  that  (£X,)II m  =  Crim(pXr-  vrXh AmFh; and  £(X;  II  m)  =  -£  (Xr  Crj therefore,  we  can  also  establish. 

Theorem  2.8:  A  concurrent  vector  field  X;  with  infinitesimal  transformation  x1  =  X1  +  v‘(x)  dt,  satisfies  (£X;)  lm  - 
£(Xi  I  m)  =  (£Xr)Crim  -  vr  Xh  Am  Fh,  r  +  Hlm£cp  -  <p£  him. 

Lie-Transformation  in  Fn 

Definition  3.1:  Let  Xi(x)  be  a  covariant  vector  field  in  Fn,  which  is  transformed  to  another  vector  field  X,,  then  the 
transformation  given  by 

X,  =  X,+  £X,  (3.1) 

Shall  be  called  Lie-  transformation  of  a  vector  field. 

Since  we  know  that  £(X,  g1  J)  =  £X‘,  therefore  on  substituting  the  value  of  Lie-derivatives  of  X,  and  g1J,  we  get  on 
simplification  X,  C'jr  vr|  k  yk  =0,  which  for  a  concurrent  vector  field  gives 

Theorem  3.1:  If  X , f  x )  is  a  concurrent  vector  field  in  a  Finsler  space  Fn,  the  vector  field  v  satisfies  Vj  ( 0  =  vr|  0  lj  lr. 

It  is  known  that  (A,  5;  -  5;  Aj)Xp  =  -(Aj  Nk)  Ak  Xp  and  since  Ak  Xp  =  0,  therefore  from  equation  (3. 1)  we  can  obtain 

(Aj  5;  Aj)(Xp  -  £  Xp)  =  0  (3.2) 

Hence  we  have: 


Theorem  3.2:  A  vector  field  Xfx),  satisfying  Lie-transformation  also  satisfies  equation  Taking  h-covariant 
derivative  of  equation  (3.1),  we  can  obtain 

X,ll  j  =  X;  II  j  +  X;  II  r  II  j  v1'  +  X,  II  r+  vrll  j  +  vrll ;  II  j  Xr  +  vr  II  i Xrll  j  +(Ah  X.)  II  j(vh  II  J  yk+(Ah  X.)  vhll  k  II  j  yk  (3.3) 

If  we  assume  that  vector  field  Xt  is  a  concurrent  vector  field  in  Fn,  equation  (3.3)  on  simplification  gives  C,  (^(X,  II  j 
—  vr  II  i  II  j  Xr)  =  0,  which  on  further  simplification  leads  to 

C(i,j)(Xi  II  j)  -  {Xr  vm  R’mij  -  9  Rmij(vm  -Vp  lp  U }  =  0  (3.4) 

If  C,  (ij)(X;  II  j)  =  0,  equation  (3.4)  gives  (2.4),  Hence  we  have: 


Theorem  3.3:  The  necessary  and  sufficient  condition  for  the  h-covariant  derivative  of  Lie-transformation  of  a 
concurrent  vector  field  X;  to  be  symmetric  is  the  vector  field  X,  satisfies  equation  (2.4). 


Taking  v-covariant  derivative  of  equation  (3.1)  and  assuming  Xt  to  be  a  concurrent  vector  field,  we  can  obtain 
Xr(vm  prmiJ  -  vr  II  m  Cmij  -  vr  II  mpmy  +  vmll  i  Crra  -  vm  II  j  C^)  =  0  (3.5) 
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which  yields 

Theorem  3.4:  A  concurrent  vector  field  X,,  satisfying  Lie-transformation  also  satisfies  equation  (3.5). 

Taking  h-covariant  derivative  of  X,  II  j  and  h-covariant  derivative  of  X,  II  k  and  simplifying  the  subtraction,  after 
some  lengthy  calculation  we  obtain 


2Cijk-  vr  II  i  Crkj  -  Vk  1 1 II  j  =  Xr  { Prljk  +  Crlk  II  j  +  Crmk  vm  M  j  -  Phjk  Crlh  +  vm  II ,  (P‘mjk  +  evil  j) } 


(3.6) 


Hence  we  have: 


Theorem  3.6:  In  a  Finsler  space  Fn,  if  a  concurrent  vector  field  X;  satisfies  equation  (3.1),  curvature  tensor  Pryk 
satisfies  equation  (3.6). 

Taking  v-covariant  derivative  of  Xj  II  h  finding  X;  II  j  II  k  II  j  —  Xj  II  k  II  j  and  taking  cyclic  summation  in  i,j,k,  we  obtain 
on  simplification 

V,J,k){vm(AJFrlm-A1Frjm)}=0.  (3.7) 

Hence  we  have: 


Theorem  3.7:  In  a  Finsler  space  Fn,  if  a  concurrent  vector  field  X,  satisfies  equation  (3.1),  the  connection 
parameter  Fry  satisfies  equation  (3.7). 

Concurent  Vector  Fields  in  F"'1 

Let  X;  be  a  concurrent  vector  field  in  Fn  and  let  a  point  of  Fn  l,  it  is  written  as 

Xi(x)  =  X0  B0;  +  p  Ni  (4.1) 

Where  Xa  =  X,  B'ap  =  X,  Ni.  It  is  known  that  5/5/  =  B'p  (5/5  y1),  (5/5v^)  B‘a  =  0,  therefore  from  the  fact  that  X,  is 
a  function  of  x  and  equation  (4.1),  we  can  obtain  that  (5/5v^)  Xa  =  0.  Hence  Xa  is  a  function  of  coordinate  u  only.  We  know 
that  X0  i  p  =  XJ  p  B'a  +  Xj  B‘a  i  p,  therefore,  substituting  from  equation  (1.11),  we  get  Xa  II  p  =  Xj  II  p  B'a  +  p  Ha  p.  Further 
substituting  from  X;  II  p  =  X;  II  j  NJ  Hp,  we  can  obtain  on  simplification. 

Xa  I  p  =  "ga  p  +  P  Hap  (4.2) 

Hence  we  have: 

Theorem  4.1:  The  necessary  and  sufficient  condition  for  the  component  Xa(u)  in  Fn  lo  f  concurrent  vector  field 
XJx)  in  Fn  to  be  the  component  of  a  concurrent  vector  field  in  Fn  l,  is  that  either  X,  is  tangential  to  the  hyper-surface  Fn_1  or 
Hap,  the  h-fundamental  tensor  of  Fn_1  vanishes. 

If  Hap=  0,  we  can  obtain 

N,(B,pT  +  F1jkBJpkT)  =  -MpHy  (4.3) 

Thus  we  have: 

Corollary  2:  If  the  vector  X,  is  not  tangential  to  the  hyper-surface  Fn  l,  vectors  X,  B‘a  II  p,  on  simplification  we  can 
obtain  with  the  help  of  equations  (1.5),  (1.7)  and  (4.1) 

Xa  C“pY  =  L  1  tp  hpY  -  p  MpY  (4.4) 


www.iaset.us 


editor@iaset.us 


6 


P.  K  Dwivedi,  S.  C  Rastogi  &A.K  Dwivedi 


It  can  also  be  observed  that  if  Xa  is  a  concurrent  vector  field  in  Fn  l,  then 

X„  CV  =  (Lb1  v|/  h(!,  (4.5) 

Where  L  and  \| /  are  terms  defined  in  Fn  ,  similar  to  L  and  (p  of  Fn. 

Comparing  equations  (4.3)  and  (4.4),  we  can  observe  that 

(L_1cp-(1)'V)  hp  y  =  p  Mpy  (4.6) 

Hence  we  have: 

Theorem  4.2:  The  necessary  and  sufficient  condition  for  X,  and  Xa,  to  b  concurrent  n  Fn  and  F11"1  respectively  is 
that  v-fundamental  tensor  is  proportional  to  angular  metric  tensor  in  Fn  l. 

It  is  known  that  for  a  hyper-plane  of  third  kind  Fn  l,  Matsumoto  [3],  H„  p  and  Ma  p  vanish,  which  leads  to 

Theorem  4.3:  If  X,  is  a  concurrent  vector  field  in  Fn,  Xa  will  be  a  concurrent  vector  field  in  a  hyper-plane  of  third 

kind. 

Differentiating  equation  (4.2)  covariantly  with  respect  to  uy,  w  get  on  simplification 

Xa  II  p  II  y  -  Xa  II  y  II  p  =  p(Hap  II  y  -Hay  II  p)  +  pi  II  y  Hap  —  p  II  p  Hap  (4.7) 

Substituting  the  value  of  left  hand  side  in  (4.7),  we  get 
p  (H„pll  y  -  Hay  II  p)  +  p  II  y  Hap  -pip  Hap  +  X8  R°  apy  -  Xe  C9  a8  R°  py  =  0 
Which  for  a  concurrent  vector  field  Xa  in  F"'1  leads  to? 

p(Hap  II  y  -  Hay  II  p)  +  p  II  y  Hap  -  p  I  p  Hap  =  0  (4.8) 

Conversely,  if  equation  (4.8)  is  satisfied,  equation  (4.7)  leads  to 

Xg  R8  aPy  +  L"1  \|/  ha  8  R8  py  =  0  (4.9) 

Hence  we  have: 

Theorem  4.4:  If  Xa  is  a  concurrent  vector  field  in  Fn  l,  it  is  necessary  condition  that  second  fundamental  tensor 
Hap  satisfies  (4.8),  conversely,  if  equation  (4.8)  is  satisfied,  it  is  sufficient  that  concurrent  vector  field  Xa  satisfies  (4.9). 

Since  Xa  II  p  =  Xt  II  j  B1  a  BJp  +Xi  B'a  II  p,  therefore  on  simplification  we  get 

(4. 10)  Xa  II  p  =  -  L  1  cp  hap  +  p  Map, 

Which  leads  to? 

Theorem  4.5:  If  X,  is  a  concurrent  vector  field  in  Fn,  Xa  will  be  concurrent  vector  field  in  F"'1,  if  and  only  if  L"1  tp 
=  (L)'1  i|/  and  either  p  =  0,  i.e,  X,  is  tangential  to  the  hyper-surface  F"'1  or  Map  =  0. 

From  equation  (4.10),  we  can  obtain  Xa  II  p  II  y  -  Xa  II  y  p  =  L'1  (vp  II  p  hay  -  \p  II  yhap),  which  on  simplification  leads  to 

L-1  (V  II  p hay  —  vp  II  y  hap)  +  Xe  S9  aPy  =  0  (4.1 1) 

Hence  we  have: 
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Theorem  4.6:  If  X,  is  a  concurrent  vector  field  in  Fn,  Xa  will  be  a  concurrent  vector  field  in  Fn  l,  if  and  only  if 
curvature  tensor  SBapy  satisfies  equation  (4.11). 

If  Xa  is  a  concurrent  vector  field  in  Fn_1,  then  from  Xa  II  p  =  -gap,  we  can  obtain  Xa  II  p  II  y  -  Xa  II  y  II  p  =  Xg  II  p  Ce  ay  +  Xg 
Ce  ay  II  p,  which  on  simplification  leads  to 

X9  (Pe  aPy  +C9  aT  II  p  -  C8a(p  P*  pY)  =  2  CaPY  (4.12) 

Hence  we  have: 

Theorem  4.7:  If  X8  is  a  concurrent  vector  field  in  Fn  I,  curvature  tensor  Pe  apy  satisfies  equation  (4. 12). 

Lie-Derivative  in  Fn  l 

Taking  Lie-derivative  of  the  relation  X„  =  X,  B‘aand  using  u“=  u“  +  w“(u)di,  we  can  obtain 

Xa  II  T  vT  II  a  X  T  =  (Xillj  vJ  +  vJl:  Xj)  B'„  (5.1) 

Which  for  concurrent  vector  fields  X;  and  Xa  leads  to? 

(-Vi  +vkll  j  Xk)  B‘a  =  -  wa  +  wT  II  a  Xy  (5.2) 

Hence  we  have: 

Theorem  5.1:  If  Xt  and  Xa  are  respectively  concurrent  vector  fields  in  Fn  and  Fn  l,  they  satisfy  equation  (5.2). 
Since  X,  N1  =  p,  therefore  for  a  concurrent  vector  field  X,  we  can  easily  obtain 

£  p  =  X,  £  N'(-v,  +  vkll ,  Xk),  (5.3) 

which  implies 

Theorem  5.2:  If  X,  is  a  concurrent  vector  field  satisfying  X,  N1  =  p,  the  Lie-derivative  of  the  scalar  p  is  given  by 
equation  (5.3). 

If  in  particular,  we  replace  vector  field  v  by  X,  equation  (5.2),  on  simplification  gives 

Xa  =  (l/2)(wa  -  wY  1 0  Xy),  (5.4) 

Which  implies? 

Corollary  3:  If  X,  and  Xa  are  respectively  concurrent  vector  fields  in  Fn  and  F"’1  and  satisfy  coordinate 
transformations  x1  =  x1  +  X‘(x)  di  and  u“  +  w“(u)di,  then  the  vector  field  Xa  satisfies  (5.4). 

Replacing  v;  by  Xt  n  equation  (5.3),  we  get 

Corollary  4:  A  concurrent  vector  field  X;  in  F11  satisfying  coordinate  transformation  x1  =  x1  +  X1  (x)  di,  also 
satisfies  £  p  =  X;  £  N1  -  2  p. 
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